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Abstract

Following thediscovery of a seriesof geometricdesignson thefloor of theBibliotecaLaurenzianain Flo-
rencewe analysethe“Medici panel”,which consistsof a circularrosettecontaininga setof inscribedelliptical
disks,with a view to regeneratingthe pattern. The geometryis shown to be surprisinglycomplex. We were
ableto determinea numericalsolutionfor synthesisingthepattern.Alternatively we foundanalyticsolutions
for simplerpatternssuchasinscribedcirclesor polygonalrosettes.

1 Introduction

In 1774a dramaticeventoccurredin the readingroom(seeFigure1) of theBibliotecaLaurenzianain Flo-
rence,whena deskoverloadedwith bookscollapsed.During the repairsit wasdiscoveredthatunderneaththe
woodenfloorboardssupportingthe readingdeskslay a pavementcontaininga seriesof terracottapanels,each
with a differentgeometricdesign(seeFigure3).

To explain themysteryof why thesecarefullydesignedandexecutedworkshadbeenhiddenweneedto look
into the historyof the building’s construction.The library wasdesignedby Michelangelofor the Medici Pope
ClementeVII to storethe Medici’s collectionof booksandmanuscripts.Although work wasstartedin 1524
thereweremany delaysandalterations,andwhenit finally opened(37yearsafterMichelangeloleaving Florence
and7 yearsafter his death)in 1571, it wasstill unfinished! It appearsthat Michelangelo’s original plan for a
centralaisleof deskswasvetoedby thePopesincemoreseatingandstoragewererequired.Thisnecessitatedthe
modifiedversionfinally executedwhichhastwo sideaislesof desks,unfortunatelycoveringthegeometricpanels.
Theinlaid patternin thecentralaislewasthendesignedandconstructedshortlyafterwards(1549-1554)by Santi
Buglioli andTribolo, following the carvedceiling by Battistadel TassoandAntonio Carota(1534)which was
basedin turn on designsby Michelangelo.Unfortunately, while somefeaturesof the library suchastheseare
well documented,little is known aboutthe hiddenfloor panels.� Moreover, dueto their remainingcoveredup
to this day, their mereexistenceis still not well known. Evenstandardworksgive no information[1, 12] or just
includea fleetingmention[5]. However, sincethe 1980sBen Nicholsonhasbeeninvestigatingmany aspects
(includingphilosophical,psychological,andaestheticalthemesaswell asthegeometric)of thepanels[8, 9].

Thispaperwill look morecloselyat thegeometrybehindthe“Medici panel”which is illustratedin Figure2.
This shows a circularrosette,similar in form to thetypemuchfavouredin architecturesinceRomantimes[11].
Many detailedandsubtleaspectsof its constructionhave beencarefullyanalysedby Nicholson[8, 9] (seealso
Kappraff [7]). For instance,it is not perfectlysquare,but actuallyhasanaspectratioof 12:13.Nicholsonshows
that this is an importantaspectof the shapeas the lengthsof the diagonalsof both the inscribedsquareand
rectangleareusedto lay out geometricfiguresaspart of the constructionprocess.In addition,the difference
betweenthediagonalsprovidesameansfor determiningthespacingbetweenthecurvilinearrhombuses.Wewill
call theserhombusesin thepatterns“slots”. Theparticularfeaturewe areinterestedin is theunusualoccurrence
of theinsetovalswithin theslots.While Nicholsondescribedmany aspectsof therosette’sconstruction,hestops
shortat theseovals.In this paperwe will attemptto seewhy.

�
It shouldbementionedthat,perhapsunsurprisinglyin light of thissparsityof information,thereis not totalagreementthatMichelangelo

wasinvolvedin thedesignof thepanels(J.Ackermann– personalcommunication).



Figure1: Thereadingroomof theBibliotecaLau-
renziana

Figure2: The“Medici panel”– acircularrosette.

Figure3: This montage(from Nicholson[8]) shows thelibrary with thegeometricpanelsrevealed.

2 Finding the ellipse

The BibliotecaLaurenzianausesa pair of rosettesslightly rotatedagainsteachotherto producethe bands
which thereforeexpandas they radiateout from the centre. To simplify the problemwe shall only treat the
rosette’s bandsasinfinitely thin circles. We will alsoassumethat theellipsesaretangentto thesecirclesrather
thanyetanothersetof implicit circlesoffsetslightly from thebands(seeFigure4).

2.1 Problem statement

The circular rosettewe areconsideringis madeup of a setof � circlesof equalradius,which aredistributed
aboutthecentreof therosetteatevenangularincrementsof ���� radians,andall passthoughtherosette’scentre.�
Hereweoutlineour approachto finding theparametersof thefamily of ellipses(seeFigure5) which form a tile,	

In practice,artistsoftenmakeuseof additionalreferencecircles:theouterenvelopeandaninner“centrum”ring; seefor instanceDürer’s
description[4].
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Figure4: A circular rosettecontaining��

� circles.
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Figure5: Threepossibleellipsesfrom thefamily that
canbeinscribedin thesameslot.
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Figure6: Notationfor slotsin therosette

� type " � " �
even a

��#%$'&(#��*),+-�/. � � #0$1),+-�/. � �
even b

��#%$'&2. �*),+-�/. � � ��#%$435. �*),+-�/. � �
odd a
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odd b

��#%$'&:9!�*),+-�/. � � ��#%$43;70�*),+-�/. � �
Table1: Positionsof definingcircles

fitting in betweenthemaincirclesgeneratingthepattern.
Let usconsidera singleellipsefrom thefamily of ellipseswhich it is possibleto put into a singleslot in the

pattern.To keepthe mathematicssimple,but without lossof generality, we assumethe definingcircleshave a
radiusof 1 unit, andthatthecentreof theellipseto befoundlieson the

�
axis.Theellipsecanthusbewrittenas

� ���<���>=�?>��@0����AB� 
 � �? � 3 ���C&D� A � �@ � &E7 
GF-H
The centreof the ellipseis at a height

�1A
andits horizontalandvertical axis lengthsare

.�?
and

. @
. Becausea

singleparameterfamily of ellipsesfits in thepatternin agivenslot, if wechoosesay
�1A

, this determines
?

and
@
.

For simplicity in thederivation,we replace
? � by I ,

@ � by J , andthenreplaceJ by KLI where K measuresthe
verticalelongationof theellipseis. Thedefiningcircles(seeFigure4) areat� ���,���-� 
 ���M&(� � � � 3G���C&(� � � � &N7 
;F� ���,���-� 
 ���M&(� � � � 3G���O&D� � � � &87 
GF �
where � � 
GPRQ S � " � �T� � � 
GS�UWV � " � �� � 
XPRQ S � " � �T� � � 
GS�UWV � " � � H
We let � be the numberof definingcircles,while

$
denotesthe ellipse’s slot in the pattern,asshown by the

numberingin Figure6. Thevaluesfor " � and " � dependon whether� is evenor odd,andalsoon whetherwe
want“type (a)” or “type (b)” ellipses—seeFigure6. Thus,wemustconsider4 casesasshown in Table1.

Rosetteswith fewer than five circles do not generatesuitablecurvilinear rhombus-shapedslots. We also
discardthecaseof �Y
 6

since,asillustratedin Figure7, therhombusesareasymmetric,unlikerosetteswith six
or morecircles.That is, thetwo innermostsidesareshorterthantheothertwo, whereasfor �2ZX� all four sides
areof equallength.Thuswecanspecifythenumberof ringsof slotsas [ � � \ &].

. For eachoddandevencasewe
canalsodistinguishtwo typesof configurationsin which thesolutionsalternatebetweenbeingalignedwith the�

axisor rotatedby �� . This alternationalsocoincideswith whethertheoutermostring containsa four-sidedslot
or a three-sidedone,anddependson �_^`Qba # .

(a) (b) (c) (d) (e)

Figure7: Rosetteswith 5 to 9 circles

In therestof this sectionweonly examinethe � even,“case(a)” solution.Theothercasescanbesolvedin a
similar fashion.To find theellipsein a givenslot, theconditionsto besatisfiedare(seeFigure4) thattheellipse



�E
cF meetsthe circle �:
dF tangentiallyat point
�������������

andthat the ellipse �N
eF meetsthe circle ��
eF
tangentiallyat point

���>�f��� � �
.

We mayapproachtheformulationandsolutionof theseconditionsin two ways.

2.2 First approach

In thefirst approachwe considerthenormalsg`� , g'� , and g`� to eachcurve. Theseareorthogonalto thecurve
tangents,but arenotnecessarilyunit normals,andaremerelyproportionalattheappropriatecontactpoints.Thus,
lettingsubscriptsof

�
and

�
denotederivatives,we requirethatat

��� � ��� � �
:� ���f� ������� 
XF � � �����������h� 
XF � �hi ���������1�h� �1j ���f�!�����h� 
G�hj ���������1�0� �1i ���f�������h�T� (1)

while at
��� � ��� � �

:� ���>�f���!�1� 
XF � � ���>�����!� � 
GF � �hi ���>�����!� � ��j ���>�f��� �!� 
X��j ���>�f��� �1� ��i ���>�f��� � � H (2)

We now proceedby eliminating
� �

and
� �

from the setof Eqns.1, and
� �

and
� �

from the setof Eqns.2.
Either resultant[2] or Gröbnerbasis[3] algorithmsmay be usedto performthe elimination. The former have
theadvantageof generallyrunningmorequickly, while thelattergenerallyproducelessextraneousfactorsin the
solution. In eithercase,we factorizethe solutionsobtainedandthrow away rootswhich do not correspondto
rootsof theoriginalproblem.Theresultsof thepreviousstepareapairof equationsin I , K and

� A
. Theseareof

degree16 in
� A

, 20 in K , and8 in I , andtakeuptoomuchspaceto presenthere.Finally, wecanthenin principle
eliminateonefurthervariablebetweentheseremainingequations,mostusefully I , to geta relationshipbetweenK and

��A
.

2.3 Second approach

Thefirst approachprovedintractableevenwhenusingMathematica. As analternative we now rely on the idea
that two curveswhich have tangentialcontacthave secondordercontact.Supposea curve

� 
lk �����
is tangent

to the
�
-axis. At this point, it satisfies

� 
eF , andalso m ��+ m � 
dF , asit meets,andis tangentialto, the axis.
Analogously, in our problem,we mayexpresstheconditionthat � ���,���-� 
nF meets� ���,���-� 
nF with a second
ordercontactat

��� � ��� � �
by thefollowing procedure.Firstly

eliminate
�

from � ���,���-� 
XF and � ���<���-� 
;F
to give o ���>� 
XF�H
Thenwe requireboth o ��� � � 
;F and

o i ��� � � 
GF-H
Fromthelasttwo equationswe eliminatethevariable,

���
, to produceanequationin I , K and

��A
.

Of course,we couldjust aswell eliminate
�

first ratherthan
�
, andtake the

�
derivative insteadin theabove

procedure.Degeneratecasesarisefor horizontalor verticalcontactsbetween�Y
pF and �q
pF , but thesedo not
occurin theproblemof interest.The resultof carryingout this procedureproducesan equationof degree8 in��A

, degree4 in K anddegree4 in I (which is omittedherefor reasonsof space).Theequivalentproblemis also
solvedfor

��� � ��� � �
giving a secondequationin I , K and

� A
.

Finally, in principle,wecannow eliminateoneof theseremainingvariablesto againgiveasinglerelationship
between,say, K and

� A
.

3 Practical results

In practice,computeralgebrasystemsare not powerful enough,nor is this paperlong enough,to give a
generalsolution! To beableto reachasingleequationusingeitherapproachwemustspecialisetheproblem:we
eitherhaveto put in numericalvaluesfor � and

$
if weareinterestedin ellipsesof arbitraryshape,or wehaveto

choosea specialvaluefor K if we wanta solutionfor any � and
$
. We show theresultsof bothspecialisations

below.

3.1 Fixing r and s
If we fix �t
G� and

$ 
 7
, asa simplecase,thesecondapproachof Section2 abovegivesthefollowing.



Eliminating
���

and
���

where �]
uF and �v
uF meet,andsimilarly, eliminating
���

and
� �

where �]
pF and�Y
uF meetgivestwo equationsfrom which I canbeeliminatedto produceanexplicit polynomialequationof
degree22 in

��A
and17 in K whichneverthelessis still too long to givehere.However, if K (or

��A
) is chosen,this

equationcanbesolvednumericallyto find thedesiredellipse.
A similar approachalsoworks for otherparticularnumericalvaluesof � and

$
, althoughthe trigonometric

functionsof � and
$

maybemorecomplicated,resultingin lengthierequations.
In practice,for largevaluesof K (greaterthanabout5, say)thesolutionis ratherill-conditioned.Unlesscare

is takenthe trivial solution
� A 
nKX
wIn
wF is found. In addition,theundesirablesolution

? 

x needsto be
avoided.

3.2 Fixing y{z}|
If we try putting in variousspecialvaluesof K , for example2, or �� , we find that this doesnot usefullysimply
mattersmostof thetime. However, theparticularcaseK�
 7

, i.e. wheretheellipsesin eachslot becomecircles,
doesleadto a significantsimplification. Early in the process,many extra factorsproducedduringelimination,
andleadingto unwantedsolutions,canbe removed. The contactsof �;
dF with ��
eF andwith �N
dF lead
respectively to thetwo equations��#~& I � I 38.�� I &N7%��� A � &(� A�� 38.�� A � PRQ S �/. " � �<3�#�� At� � A � & I��~S�UWV � " � � 
 F ���#~& I � I 35.�� I &870��� A � &(� A�� 35.�� A � PRQ!S �/. " � �<3�#�� At� � A � & I��~S�UWV � " � � 
 F

Fromthese,it turnsout thattheequationfor
� A

, thepositionof thecentreof thecircle, is linearsocaneasily
bedetermined.

We canalsoderive a linearexpressionfor I , andhencea singlesolutionfor
?
, the radiusof thecircle. We

canthusexpresscircularsolutionsto ourproblemfor any � and
$

?v� 
 @R� 
 .�� PRQ S �/. " �h��& PRQ S �/. " �!���� 3 PRQ!S ��. " �0�<3 PRQ!S � " �!� � 32# S�U�V � " �h� S�UWV � " ����& S�UWV � " ��� �
and ��A 
 � � S�UWV � " � �<3 S�UWV � " � ���� 3 PRQ!S ��. " � �<3 PRQ!S ��. " � �<3�# S�UWV � " � � S�U�V � " � � H

To solve for a particularcase,thevaluesfor " � and " � from Table1 shouldbeinsertedafterchoosing
$

and� . This hasbeendonefor all valuesof
$

for �Y
 70.
to producethepatternshown in Figure8.

3.3 Maximising the area

As a third experimentwe alsotried specialisingtheellipsein eachslot to betheoneof maximumarea.Starting
with thesecondapproachof Section2, wemayperformthefinal eliminationin two alternativewayseliminating
either K or I . We arriveat a pair of equationswhich we will write as� ��� A � K � 
GF and k ��� A � I � 
GF
for the family of ellipses. The areaof an ellipse is given by ��
 )�?b@ 
 ) I4� K . This is maximisedwhenm�� + m!IG
GF ; notethat K dependson I . Thus,theareais maximisedwhen)2� � K 3 7. � K m!Km!Iq� 
;F �
or . K 3 m�Km I 
GF
However m �m I 
�� �� � A m

�1Am!I 3 � �� K m!Km!I and
m!km I 
�� k� � A m

��Am!I 3 � k� I H
Fromthesewe mayobtain m!Km!I 
��%�� j�� �B��%��%�� j�� �%��0�



Figure8: Circlesinscribedin the
rosette

Figure9: The Piazzadel Campi-
doglio,Rome

ca
b

d

Figure10: Maximumareaellipse
inscribedin a rhombus

andhencetheellipseareais maximisedby solving. K � k� � A �
�

� K 3 � �� � A � k� I 
XF
in additionto

� 
;F and ku
GF .
Evenin theparticularcase�(
u� and

$ 
 7
, this new third equationprovedto beof extremelyhigh degree,

namelydegree45 in
� A

, anddegree17 in both K and I . We returnto maximumareaellipsesin the following
sections.

4 Polygonal circular rosettes

Anotherpossiblesimplificationis to approximatethecirculararcsmakingupthesidesof eachslotby straight
linesjoining theoriginalvertex positions.In fact,suchapolygonalrosettewasdesignedby Michelangelofor the
Piazzadel Campidoglioat thetop of CapitolineHill (seeFigure9).  Sinceeachrhombusis symmetricalabout
bothaxes(unlikethepreviouscasewith circulararcs)weneedjustconsideroneof its edgesto find themaximum
areainscribedellipse.Takingthefirst quadrant,asshown in Figure10,supposetheequationof theboldedgeis� 
 & m ¡ ���M& ¡ � H
Combiningthe constraintsthat the ellipseandline have equaltangentsandtouch,andeliminating

�
and

�
we

obtain ¡ � � m@ � & 7m<� 
 ? � m@ � ¢ ? 
 ¡ � &£@ � 3 m �m H
Themaximumareaellipseis foundwhen m!�l
 )M��? m @L35@ m ?b� 
XF �
andsotheconditionis ¡ � &£@ � 3 m �m & ¡ @ �m � &£@ � 3 m � 
XF
which yields @ 
 m� . �¤? 
 ¡

� . H
It is alsostraightforwardto show that theellipsemakescontactwith themidpointof theline. Consequently,

theellipseson eithersideof thelinesarealsotangentto eachother, asshown in Figure11.

¥
Therewereevenlongerdelaysinvolvedin this project,andthepavementwasnot laid until 1940!



Figure 11: Maximum area el-
lipsesinscribedin the polygonal
approximationof therosette

Figure12: Themaximumareain-
scribedellipsesfor bothacircular
andpolygonalrosette.

Figure 13: Maximum area el-
lipses inscribed in the circular
rosette

5 Comparing slots in circular and polygonal rosettes

Herewe comparethecurvilinearrhombusformedby thecircularandtheregularstraight-sidedonefrom the
polygonalrosette.In severalwaysboth rhombusesaresimilar. They have thesamearea,andin bothcasesare
formedby four equallengthlines or arcs. Doesthe changein shapeaffect the sizeandshapeof the inscribed
ellipse?

For thesimplecaseof aninscribedcircle at �]
G� and
$ 
 7

we caneasilyanalyticallydeterminetheradius
for thecurvilinearcase( x0¦£
¤§�   ) andfor thepolygonalrosette( xT¨`
�©  � ). Their ratio is ª�«ª*¬�­ 7 H F � 6 � � , andso
thecurvilinearslotsadmitsa7% largercircle.

For the more generalcasewe find (numerically)that the maximumareainscribedellipsesin the circular
rosettearestill largerthanthepolygonalrosette,but only by smalleramounts(e.g.about4%for �Y
G� asshown
in figure12,and1%for �t
 7%.

). As � increasesthedifferencesbetweentheinscribedellipsesin thecircularand
polygonalrosettesdecrease.

6 A conjecture

The circular rosettewith maximumareainscribedellipses(determinednumericallyfrom the equationsin
Section3.3) is shown in Figure 13 for �®
 7%.

. Notice that the ellipsesappearto be in contactwith their
neighbours,althoughwehavebeenunableto provethis to bethecase.We conjecturethattheellipsesareindeed
in contact,andchallengereadersto proveor disprovethis.

7 Postscript

(a) (b) (c)

Figure14: Thepatternsfrom (a) theceilingand(b) thecentralfloor aisle.(c) Michelangelo’sstairway leadingto
thereadingroom.



Therosettewasnot theonly applicationof theellipsewithin thelibrary’sdesign.It alsoappearsin theceiling
andcentralfloor designsshown in Figure14a&b. A moreprominentexampleis in thestaircasein theentrance
hall, shown in Figure14c,andbuilt in Michelangelo’sabsenceby Ammannatiin 1559,following a clay model.
It consistsof threeflights of steps;the outeronesarequadrilaterals,the centralonesareboundedby convex
elliptical arcs,andthe bottomthreestepsarecompleteellipses. This unusualdesignis highly thoughtof, and
hasbeenvariouslydescribedas“an explosionof originality”, “a wavelike crescendo”,“spilling from thelibrary
door”, etc.

In fact,althoughtheClassicalworld preferredthecircle, from theBaroqueperiodonwardsthedynamismof
theellipsehasbeenhighly rated.For instance,theVictorianarchitectanddesignerOwenJones[6] statedthat:
“In the bestperiodsof art, all mouldingsandornamentswere foundedon curvesof the higherorder, suchas
theconicsection;whilst, whenart declined,circlesandcompasswork weremuchmoredominant.” Similarly, at
aroundthe sametime thedesignerGeorgePhillips [10] wrote that “Lines of variedor curvilinearcharacterare
essentiallythoseof beauty.” And comparedto circles,“An oval . . .hasa muchgreaterdegreeof lightness”.

In this light the Medici panelwith its rotatedcircles and radiatingellipsescan be seenas a harmonious
combinationof theClassicalandManneristsensibilities.Moreover, in additionto its aestheticcharmswe have
foundthatthishiddenpanelhashiddengeometriccomplexitiesandattractions.
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