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Abstract

Following the discovery of a seriesof geometricdesignson the floor of the BibliotecaLaurenzianan Flo-
rencewe analysethe“Medici panel”,which consistf a circularrosettecontaininga setof inscribedelliptical
disks, with a view to regeneratinghe pattern. The geometryis shavn to be surprisinglycomplex. We were
ableto determinea numericalsolutionfor synthesisinghe pattern. Alternatively we found analyticsolutions
for simplerpatternssuchasinscribedcirclesor polygonalrosettes.

1 Introduction

In 1774a dramaticeventoccurredin the readingroom (seeFigure 1) of the BibliotecaLaurenzianan Flo-
rence,whena deskoverloadedwith bookscollapsed.During the repairsit wasdiscoseredthat underneathhe
woodenfloorboardssupportingthe readingdeskslay a pavementcontaininga seriesof terracottapanels,each
with a differentgeometriadesign(seeFigure3).

To explain the mysteryof why thesecarefullydesignedandexecutedwvorks hadbeenhiddenwe needto look
into the history of the building’s construction.The library was designedby Michelangelofor the Medici Pope
ClementeVIl to storethe Medici’s collection of booksand manuscripts.Although work was startedin 1524
thereweremary delaysandalterationsandwhenit finally opened37 yearsafterMichelangeldeaving Florence
and7 yearsafter his death)in 1571, it wasstill unfinished! It appearghat Michelangelos original planfor a
centralaisleof deskswvasvetoedby the Popesincemoreseatingandstoragewnererequired.This necessitatethe
modifiedversionfinally executedvhich hastwo sideaislesof deskspunfortunatelycoveringthegeometrigpanels.
Theinlaid patternin the centralaislewasthendesignedandconstructeaghortly afterwards(1549-1554 oy Santi
Buglioli and Tribolo, following the carved ceiling by Battistadel Tassoand Antonio Carota(1534)which was
basedn turn on designsby Michelangelo. Unfortunately while somefeaturesof the library suchastheseare
well documentediittle is known aboutthe hiddenfloor panelst Moreover, dueto their remainingcoveredup
to this day; their mereexistenceis still notwell known. Evenstandardvorks give noinformation[1, 12] or just
include a fleetingmention[5]. However, sincethe 1980sBen Nicholsonhasbeeninvestigatingmary aspects
(including philosophical psychologicalandaestheticathemesaswell asthe geometric)of the paneld8, 9].

This papemwill look morecloselyatthegeometrybehindthe“Medici panel’whichis illustratedin Figure2.
This shows a circularrosette similar in form to thetype muchfavouredin architecturesinceRomantimes[11].
Many detailedandsubtleaspect®f its constructionhave beencarefully analysedy Nicholson[8, 9] (seealso
Kappraf [7]). Forinstanceit is not perfectlysquareput actuallyhasanaspectatio of 12:13. Nicholsonshows
that this is an importantaspectof the shapeasthe lengthsof the diagonalsof both the inscribedsquareand
rectangleare usedto lay out geometricfiguresas part of the constructionprocess.In addition, the difference
betweerthediagonalgrovidesa meandor determininghe spacingoetweerthecurvilinearrhomhuses We will
call theserhomhusesn the patterns'slots”. The particularfeaturewe areinterestedn is the unusualoccurrence
of theinsetovalswithin theslots. While Nicholsondescribednary aspect®f therosettes constructionhestops
shortattheseovals. In this paperwe will attemptto seewhy.

L1t shouldbe mentionedhat, perhapsinsurprisinglyin light of this sparsityof information,thereis not total agreementhatMichelangelo
wasinvolvedin thedesignof the panel(J. Ackermann- personatommunication).



Figurel: Thereadingroomof theBibliotecalLau-
renziana

Figure3: This montaggfrom Nicholson[8]) shows thelibrary with the geometrigpanelsrevealed.

2 Findingthe€dlipse

The BibliotecaLaurenzianaisesa pair of rosettesslightly rotatedagainsteachotherto producethe bands
which thereforeexpandasthey radiateout from the centre. To simplify the problemwe shall only treatthe
rosettes bandsasinfinitely thin circles. We will alsoassumehatthe ellipsesaretangentto thesecirclesrather
thanyetanothersetof implicit circlesoffsetslightly from thebands(seeFigure4).

2.1 Problem statement

The circular rosettewe are consideringis madeup of a setof n circlesof equalradius,which are distributed
aboutthe centreof therosetteat evenangularincrementof %” radiansandall passhoughtherosettes centre?
Herewe outline our approachio finding the parametersf thefamily of ellipses(seeFigure5) whichform atile,

21n practice artistsoftenmake useof additionalreferencecircles: the outerervelopeandaninnercentrum’ring; seefor instanceDurers
description(4].
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Figure4: A circularrosettecontainingn = 6 circles.  Figure5: Threepossibleellipsesfrom the family that
An ellipse(f) is shavn tangento two adjacentircles  canbeinscribedin the sameslot.
(g andh). Also indicatedarethe two contactpoints

(.'Eg, yg) and(xh, yh)-
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Figure6: Notationfor slotsin therosette Tablel: Positionsof definingcircles

fitting in betweerthemaincirclesgeneratinghe pattern.

Let usconsidera singleellipsefrom the family of ellipseswhichit is possibleto putinto a singleslotin the
pattern. To keepthe mathematicsimple, but without loss of generality we assumehe definingcircleshave a
radiusof 1 unit, andthatthe centreof theellipseto befoundlies onthey axis. Theellipsecanthusbewrittenas

2

2
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f(may;aabayO) = ?-FM

b2

The centreof the ellipseis at a heighty, andits horizontalandvertical axis lengthsare2a and2b. Becausea
singleparametefamily of ellipsesfits in the patternin a givenslot, if we choosesayyy, this determines andb.
For simplicity in the derivation,we replacea? by A4, b2 by B, andthenreplaceB by SA whereS measureshe
verticalelongationof theellipseis. Thedefiningcircles(seeFigure4) areat

—1=0.

9(z,y) = (@—2)"+@W—y,) —1=0
h(l’,y) = (m_mh)2+(y_yh)2 -1 :Oa
where
zg = cos(fy), Yy = sin(f,)
rp = COS(ah), Ynh = Sin(eh).

We let n be the numberof defining circles, while j denotegthe ellipses slot in the pattern,as shavn by the
numberingin Figure6. The valuesfor 8, andd;, dependonwhethern is evenor odd, andalsoon whetherwe
want“type (a)” or “type (b)” ellipses—se&igure6. Thus,we mustconsiderd casesasshovn in Tablel.

Rosetteswith fewer thanfive circles do not generatesuitablecurvilinear rhomhus-shapedlots. We also
discardthe caseof n = 5 since,asillustratedin Figure7, therhomhusesareasymmetricunlike rosetteswvith six
or morecircles. Thatis, thetwo innermostsidesareshorterthanthe othertwo, whereador n > 6 all four sides
areof equallength. Thuswe canspecifythe numberof ringsof slotsas| 2 | — 2. For eachoddandevencasewe
canalsodistinguishtwo typesof configurationsn which the solutionsalternatebetweenbeingalignedwith the
y axisor rotatedby 7. This alternationalsocoincideswith whetherthe outermosting containsa four-sidedslot
or athree-sidedne,anddepend®nn mod 4.

(@) (b) (© (d) ()

Figure7: Rosettesvith 5to 9 circles

In therestof this sectionwe only examinethen even,“case(a)” solution. The othercasexanbesolvedin a
similar fashion.To find theellipsein a givenslot, the conditionsto be satisfiedare (seeFigure4) thattheellipse



f = 0 meetsthecircle g = 0 tangentiallyat point (x,,y,) andthattheellipse f = 0 meetsthecircle h = 0
tangentiallyat point (x, yr)-
We may approachheformulationandsolutionof theseconditionsin two ways.

2.2 First approach

In thefirst approachwe considethenormalsV f, Vg, andVh to eachcurve. Theseareorthogonalo the curve
tangentsbut arenotnecessarilynit normalsandaremerelyproportionalattheappropriateeontactpoints. Thus,
letting subscriptf 2 andy denotederivatives,we requirethatat (z,, y,):

f(mgayg) =0, g(mgayg) =0, fw(xg,yg)gy(xgayg) = fy(xgayg)gz(wgayg)a (1)

while at (.’L’h, yh):

f@n,yn) =0, h(xh,yn) =0, fol@n,yn)hy(@n,yn) = fy(@n, yn)he(@n, yn). )

We now proceedby eliminatingz, andy, from the setof Eqns.1, andz; andy, from the setof Eqns.2.
Eitherresultant{2] or Grobnerbasis[3] algorithmsmay be usedto performthe elimination. The former have
theadwantageof generallyrunningmorequickly, while thelattergenerallyproducdessextraneoudactorsin the
solution. In either case we factorizethe solutionsobtainedandthrow away rootswhich do not correspondo
rootsof the original problem.Theresultsof the previousstepareapair of equationsn A, S andy,. Theseareof
degreel6in yo, 20in S, and8in A, andtake uptoo muchspaceo presentere.Finally, we canthenin principle
eliminateonefurthervariablebetweertheseremainingequationsmostusefully 4, to getarelationshipbetween
S andyq.

2.3 Second approach

Thefirst approachprovedintractableevenwhenusingMathematica As analternatve we now rely on theidea
thattwo curveswhich have tangentialcontacthave secondordercontact. Supposeacurvey = F(z) is tangent
to the z-axis. At this point, it satisfiesy = 0, andalsody/dxz = 0, asit meets,andis tangentialto, the axis.
Analogously in our problem,we may expressthe conditionthat f (z,y) = 0 meetsg(z,y) = 0 with a second
ordercontactat (z,, y,) by thefollowing procedureFirstly

eliminatey from f(z,y) = 0 andg(z,y) =0

to give
s(z) =0.

Thenwe requireboth
s(zg) =0 and sz(z,) =0.

Fromthelasttwo equationsve eliminatethevariable,x,, to produceanequationin A, S andyo.

Of coursewe couldjustaswell eliminatez first ratherthany, andtake they derivative insteadin theabove
procedure Degenerateasesrisefor horizontalor vertical contactsbetweenf = 0 andg = 0, but thesedo not
occurin the problemof interest. The resultof carryingout this procedurgproducesan equationof degree8 in
Yo, degreed in S anddegree4 in A (whichis omittedherefor reason®f space).The equivalentproblemis also
solvedfor (z,ys) giving asecondequationin A, S andyg.

Finally, in principle,we cannow eliminateoneof theseremainingvariablesto againgive asinglerelationship
betweensay S andyg.

3 Practical results

In practice,computeralgebrasystemsare not powerful enough,nor is this paperlong enough,to give a
generabkolution! To beableto reacha singleequatiorusingeitherapproactwe mustspecialisehe problem:we
eitherhave to putin numericalvaluesfor n andj if we areinterestedn ellipsesof arbitraryshapepr we haveto
choosea specialvaluefor S if we wanta solutionfor anyn andj. We shav the resultsof both specialisations
below.

3.1 Fixingn and j

If wefix n = 6 andj = 1, asasimplecasethesecondapproactof Section2 above givesthefollowing.



Eliminatingz, andy, wheref = 0 andg = 0 meet,andsimilarly, eliminatingz;, andy;, wheref = 0 and
h = 0 meetgivestwo equationgrom which A canbe eliminatedto producean explicit polynomialequationof
degree22in yo and17in S which neverthelesss still too longto give here.However, if S (or y) is chosenthis
equationcanbe solved numericallyto find the desirecellipse.

A similar approachalsoworks for other particularnumericalvaluesof n andj, althoughthe trigonometric
functionsof n andj maybe morecomplicatedresultingin lengthierequations.

In practice for largevaluesof S (greateithanaboutb, say)the solutionis ratherill-conditioned. Unlesscare
is takenthetrivial solutionyy, = S = A = 0 is found. In addition,the undesirablesolutiona = r needgo be
avoided.

32 FixingS =1

If we try puttingin variousspecialvaluesof S, for example2, or % we find that this doesnot usefully simply
mattersmostof thetime. However, the particularcaseS = 1, i.e. wheretheellipsesin eachslot becomecircles,
doesleadto a significantsimplification. Early in the processmary extra factorsproducedduring elimination,
andleadingto unwantedsolutions,canbe removed. The contactsof f = 0 with g = 0 andwith A = 0 lead
respectiely to thetwo equations

(4—A) A+2(A-1) yo® —yo* +2yo” cos(26,y) +4yo (yo® — A) sin(d,) = 0,
(4—A) A+2(A-1) gy - yot + 20> cos(26n) +4yo (y02 — A) sin(0,) =
Fromtheseijt turnsoutthatthe equationfor yq, the positionof the centreof thecircle, is linearsocaneasily
be determined.

We canalsoderive alinear expressiorfor A, andhencea singlesolutionfor a, the radiusof the circle. We
canthusexpresscircularsolutionsto our problemfor anyn andj

2 (cos(26,) — cos(264))
6 + cos(26,) + cos(8;)* + 4 sin(,) sin(6y) — sin(6p,)?

a(=b)=

and
8 (sin(f,) + sin(fy))

T 6+ cos(20,) + cos(26) + 4 sin(6,) sin(fy)

To solve for a particularcase the valuesfor §, andd, from Table 1 shouldbe insertedafter choosingj and
n. This hasbeendonefor all valuesof j for n = 12 to producethe patternshaovn in Figure8.

Yo

3.3 Maximisingthearea

As athird experimentwe alsotried specialisinghe ellipsein eachslot to bethe oneof maximumarea.Starting
with the secondapproachof Section2, we may performthefinal eliminationin two alternatve wayseliminating
eitherS or A. We arrive at a pair of equationsvhichwe will write as

E(yo,5) =0 and F(yo,A) =0

for the family of ellipses. The areaof an ellipseis givenby Q = wab = wAv/S. This is maximisedwhen
d@/dA = 0; notethatS depend®n A. Thus,theareais maximisedwhen

w(\/§+ 1 dS):O,

2V/5 dA
or s
25 + d_A = 0
However

dA  OyodA  0S dA dA  Oyo dA  OA’

Fromthesewe mayobtain
OF 9F
adS 9y, 94
~ OF 8E
dA 5 58
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Figure8: Circlesinscribedin the Figure9: The Piazzadel Campi- Figure10: Maximumareaellipse
rosette doglio,Rome inscribedin arhomhus

andhencetheellipseareais maximisedby solving

2S<9F OF + OE OF
6:1/0 oS 6:1/0 0A n
in additionto £ = 0 andF' = 0.
Evenin the particularcasen = 6 andj = 1, this new third equationprovedto be of extremelyhigh degree,
namelydegree45in yo, anddegreel? in both S and A. We returnto maximumareaellipsesin the following
sections.

4 Polygonal circular rosettes

Anotherpossiblesimplificationis to approximatehe circulararcsmakingup the sidesof eachslotby straight
linesjoining the original vertex positions.In fact,sucha polygonalrosettewasdesignedy Michelangeldor the
Piazzadel Campidoglioat the top of CapitolineHill (seeFigure9).? Sinceeachrhomtusis symmetricalabout
bothaxes(unlike thepreviouscasewith circulararcs)we needustconsidemoneof its edgedo find themaximum
areainscribedellipse. Takingthefirst quadrantasshavn in Figure10, supposéahe equationof thebold edgeis

d

y= —Z(x —0).
Combiningthe constraintghatthe ellipseandline have equaltangentsandtouch,andeliminatingz andy we
obtain
o [(d 1 a*d cV=b+d?
=5 = = a=—F—.
2 d b2 d

The maximumareaellipseis foundwhen
dQ =w(adb+bda) =0,

andsotheconditionis
cx/—b2+d2_ cb? _0
d dv/-b + &

whichyields

It is alsostraightforvardto shav thatthe ellipsemakescontactwith the midpointof theline. Consequently
theellipseson eithersideof thelinesarealsotangento eachother, asshovn in Figurel11.

3Therewereevenlongerdelaysinvolvedin this project,andthe pavementwasnot laid until 1940!



Figure 11: Maximum area el- Figure12: Themaximumareain- Figure 13: Maximum area el-
lipsesinscribedin the polygonal scribedellipsesfor bothacircular lipses inscribed in the circular
approximatiorof therosette andpolygonalrosette. rosette

5 Comparing dotsin circular and polygonal rosettes

Herewe comparehe curvilinearrhomhusformedby the circularandtheregular straight-sidednefrom the
polygonalrosette.In severalwaysbothrhomhusesaresimilar. They have the samearea,andin both casesare
formedby four equallengthlines or arcs. Doesthe changein shapeaffect the sizeand shapeof the inscribed
ellipse?

For the simplecaseof aninscribedcircleatn = 6 andj = 1 we caneasilyanalyticallydetermingheradius
for the curvilinearcase(r. = 1%) andfor the polygonalrosette(r, = ¢T§)_ Theirratiois :—P ~ 1.06588, andso
thecurvilinearslotsadmitsa 7% largercircle.

For the more generalcasewe find (numerically)that the maximumareainscribedellipsesin the circular
rosettearestill largerthanthe polygonalrosette but only by smalleramountge.g.about4% for n = 6 asshavn
in figure12,and1%for n = 12). Asn increaseshedifferencedetweenrntheinscribedellipsesin thecircularand
polygonalrosettesiecrease.

6 A conjecture

The circular rosettewith maximumareainscribedellipses(determinednumericallyfrom the equationsin
Section3.3) is shavn in Figure 13 for n = 12. Notice that the ellipsesappearto be in contactwith their
neighboursalthoughwe have beenunableto prove thisto bethe case We conjecturehattheellipsesareindeed
in contactandchallengeeadergo prove or disprove this.

7 Postscript

@)

Figurel4: Thepatterndrom (a) the ceiling and(b) the centralfloor aisle. (c) Michelangelos stairway leadingto
thereadingroom.



Therosettewasnottheonly applicationof theellipsewithin thelibrary’s design.It alsoappearsn theceiling
andcentralfloor designsshown in Figure14a&h A more prominentexampleis in the staircasen the entrance
hall, shovn in Figurel14c,andbuilt in Michelangelos absencdy Ammannatiin 1559, following a clay model.
It consistsof threeflights of steps;the outer onesare quadrilateralsthe centralonesare boundedby convex
elliptical arcs,andthe bottomthreestepsare completeellipses. This unusualdesignis highly thoughtof, and
hasbeenvariouslydescribeds“an explosionof originality”, “a wavelike crescendo”;spilling from thelibrary
door”, etc.

In fact,althoughthe Classicaworld preferredthe circle, from the Baroqueperiodonwardsthe dynamismof
the ellipsehasbeenhighly rated. For instancethe Victorian architectanddesignetOwenJoneg6] statedthat:
“In the bestperiodsof art, all mouldingsand ornamentsvere foundedon curvesof the higher order, suchas
the conic section;whilst, whenartdeclined circlesandcompasswrk weremuchmoredominant. Similarly, at
aroundthe sametime the designerGeoge Phillips [10] wrote that“Lines of variedor curvilinearcharacterare
essentiallythoseof beauty’ And comparedo circles,*An oval ... hasa muchgreaterdegreeof lightness”.

In this light the Medici panelwith its rotatedcircles and radiating ellipsescan be seenas a harmonious
combinationof the Classicaland Manneristsensibilities.Moreover, in additionto its aestheticharmswe have
foundthatthis hiddenpanelhashiddengeometriccomplexities andattractions.
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