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Abstract

In his celebrateduttel’Opere d’Architettura publishedover the period1537-1575ebastian&erlio
introducedfour techniquedgor constructingovals which have thereaftebeenappliedby mary architects
acrossEurope. Using various geometricforms (i.e. the triangle, square,and circle) as a basisthey
producedovals madeup from four circular arcs. This paperanalysesdoth Serlio’s constructionsand
someof the mary possiblealternatvesandevaluatesheiraccurag in termsof theovals’ approximations
to anellipse.

1 Introduction

After the dearthof the Middle Ages,whenarchitecturabrincipleswerekeptsecretby the guilds, the Re-
naissancevaswitnessto an explosion of architecturafreatisesandhandbookq11]. Thesewere mostly
written by architectsjn manuscripform until the endof thefifteenthcentury andprovideda combination
of theoriesfrulesandpatternsconcerningall aspect®f architecture Contentgangeoverthe suitability and
preparatiorof building materials the designof plans,facadesandornamentationtheoriesof beauty and
primerson geometryto detailsof suitableinscriptionsfor tombs,andmethodgor repellingandextermi-
natinginsects.

The main prior work was Vitruvius’s De Architectura which was (andremains)the only extantarchi-
tecturaltreatisefrom Romantimes. Written beforeAD 27 it has,despiteits failings, enjoyed substantial
popularity; numerousmanuscriptcopiescan be tracedthrough Europeup until the Renaissanc] and
more thantwenty copiesmadein the fifteenth centuryaloneare known [5]. Accordingto Vitruvius the
designof a harmoniouspleasingbuilding requirescarefulattentionto the proportionsof its parts. Their
sizesaresimple multiplesof a unit lengthcalledthe module. Thefirst treatiseof the Renaissanc@written
aroundl450andpublishedin 1485,thirteenyearsafter his death)wasAlberti’s De Re Aedificatoriaand
it followed (or atleastwasinspiredby) classicabuildings,andof courseVitruvius. Alberti recommended
nine basicgeometricshapes First therearethe regular polygons:the square hexagon,octagon decagon,
anddodecagonall of which canbe constructedrom acircle (which he consideredheidealform [32]). In
addition,therearethreerectangledpasedn extensionsof the square.Buildings couldthenbe plannedby
takingtheseforms asthe underlyingcomponentsandcombiningthemto form a pleasingplan.

Following Alberti camea hostof otherauthorselaborating recodifying, and extendingthe previous
writings.! During this periodthe geometryof the circle predominatedholding “an almostmagicalpower”
overthearchitectd32]. In contrasttheellipse“wasasemphaticallyrejectedby High Renaissancart asit
wascherishedn Mannerism’22]. Notonly wasthecircle consideredo havethemostperfectandbeautiful
form, but its preeminencever the ellipsewasbolsteredy argumentsbasedon the circularmovementsof
thehumanbody[22].2

Eventuallythefashionshiftedfrom Alberti’srestrictve circle geometryandtheellipsecameto provide
a “convenientform for the Baroquespirit for dynamicexpression”[19], not only for aestheticsput also
astronomy mechanicsgetc. For instance,someavhat later William Hogarth,in The Analysisof Beauty

LFor example, in the fifteen centurywe have amongstothersFilarete, Geogio, and Grapaldi,while thoseof the next century
includeVignola, Palladio,andScamozziAs canbe seenthe majority of actiity took placewithin Italy.

2 Actually, the sameanthropomorphi@gumentcanbe appliedto ellipses[12]. As seenfrom abaove, the rotationof the two arms
sweepout a pair of circulararcsreminiscenof the circlesusedin oneof Serlio's schemeso approximateellipses.



states"...the oval hasa noble simplicity in it, more equalin its variety thanary otherobjectin naturé
...[and]is asmuchto be preferredto the circle, asthe triangle to the squaré” An early proponentwas
Michelangelowho consideredhe ellipse during his first projectfor the tomb of Juliusll®, andlater used
it in his designfor the Piazzadel Campidoglio® Anotherpioneerin the useof the ellipsewasBaldassare
Peruzziwho hada predilectionfor difficult or eccentrigproblems.However, he neitherbuilt nor published
ary relatedmaterial,possiblydueto his early death. It wasleft to his pupil, Sebastian&erlio, to write
the celebratedTutte I'Opere d’Architettura which was publishedover the period 1537-1575. The work
incorporatecandacknavledgedmaterialleft by Peruzzi,althoughthe accusationsf wholesaleplagiarism
by mary (e.g.VasariandCellini) appeaunfair. Serlio’s approactto thewriting of thearchitecturatreatise
wassignificantlynew on severalcounts:[5, 11]

e For thefirst time a coordinatedschemeof architecturabducationwasdevised.

¢ It containgheearliestdetailedwork onthefive Orders.Serlioattemptedo sortoutthe discrepancies
betweenVitruvius andactualRomanmonumentsandestablisiclearconsistentulesfor the Orders.

¢ |t provided practicaldesignpatternsandwaswritten for the useof architectgatherthanperusaby
wealthypatronsandnoblemen.

o |t waswrittenin Italian whereasnostof the previouswritings hadbeenmadein Latin.

¢ Theillustrationswere a substantiactomponenpf the work. In contrastto Alberti’s original which
containedhone,while Vitruvius’ hadbeenlong lost, out of the 155 pagesof Serlio’s third book118
hadoneof moreillustrations.

This combinationof practicalityandeaseof usemadeit oneof the mostimportantarchitecturakreatises,
andnumerouseditionsandtranslationsveremade. As Summersorsaid: “The booksbecamethe archi-
tecturalbible of the civilised world. The Italiansusedthem,the Frenchowed nearlyeverythingto Serlio
and his books,the Germansand Flemingsbasedtheir own bookson his, the Elizabethangribbedfrom
him..”. Of particularrelevanceto this paper Serlio agreedwith Alberti on the ascendancef the circular
form, but extendedthe rangeto include amongsthe polygonsthe GreekCrossandthe oval, thusherald-
ing a new approachto ecclesiasticahrchitecturg18, 32]. Amongstthe churchpatternshe includedone
with an elliptical plan, althoughhe himself did not build any elliptical churches.Consequentlyin large
partencouragedby Serlio’s book, mary elliptical churchesverebuilt in Italy and Spainfrom the sixteenth
centuryonwards? Thesearecoveredin greatdetail by Wolfgang Lotz [18] andVincenzoFasolo[6]; see
also[14, 19, 31]. Moreover, elliptical theatredesignbecamepopularfrom the endof the seventeentiten-
tury, firstin Italy andthenin Francewhile the ellipsealsofeaturedprominentlyin art[24]. Overtheyears
the ellipse hascontinuedto figure in architecturaldesign. For example,instancesn recentbuildings are
the striking “Lipstick Building” by Philip JohnsorandJohnBurgeewhich consistsof a stackof elliptical
cylinders,theTokyo InternationaForumdesignedy Rafael Vifioly which containghevastelliptical Glass
Hall, andtheadditionsto the British Library’s ReadingRoomby FosterandPartnergseefigure1). We also
notethattheellipseoccursover awide rangeof scales Figure2 shavs examples startingwith smallscale
decoratve detailssuchasthe patera,continuingto the scaleof a singleroom (RobertAdam’s hallway at
CulzeanCastle),andcontinuingbeyondthe scaleof a singlehouseto JohnWood’s conglomeratiorof the
Royal Crescentit Bath.

In orderto build elliptical structuresa meansof constructingthe shapeof an ellipseis required. The
instructionsfoundin bookson building constructioror technicaldrawing fall into threeclasses- geometric
rulesfor drawing true ellipses,mechanicatievicesfor drawing true ellipses,andgeometricrulesfor draw-
ing approximationgo ellipsesusingfour or morecircular arcs. The methodsare generallybasedon the
geometricpropertiesof ellipseswhich have beenavailablefrom variousclassicaltreatisesof conics. The
mostcompleteonethat hassurvived, by Apollonius, wasrepublishedn Venicein 1541. However, this is
predateddy works suchasWerners conics(1522)andDirer's geometry(1525). In fact, Sinisgalliasserts
that Leonardoda Vinci wasthe first amongthe modernsto draw an ellipse,in around1510. Thusthere

3In chapter12 - “Of Light andShade”.

41n chapter4 - “Of Simplicity, or Distinctness”.

5This view is disputedon lack of evidence[30].

SWe notethattherearethreemajor architecturaworks in Romein which the ellipsefiguresprominently: the Piazzadel Campi-
doglio, the ColosseumandBernini’s colonnadeoutsideSt. Peters cathedral.

7For instance someof the sixteenthandseventeenttcenturyarchitectsvho designecelliptical churchesare: Vignola(in 1550this
wasthefirst built on anoval plan), Mascherino\olterra,Vitozzi, Bernini, Rainaldi,andBorromini.



Figure2: Theellipsein architectureat differentscales

wasplenty of theoryavailableduring the RenaissanceHowever, translatingthis into the practicalitiesof
architecturecould be problematic.

Fromthefirst classof ellipseconstructionshebestknown is the“gardeners method”in which two pins
or pegs areplacedat the foci anda lengthof stringis attachedo the pegs. The penis pulled out against
the pegsagainsthe stringandaround therebydrawing out the ellipse. While adequatdor drawing rough,
smallellipsesthereareseveraldifficultiesin scalingthe approachupto tackleaccuratelargeellipses.First,
in orderto draw thefull 360° properlythe string mustbe loopedratherthantied to the pegs. Evenso, the
knotin the string caninterferewith the drawing process.Second particularlywith long sectionsof string
it is difficult to maintaina constantension,andeven variationsin humidity andtemperatureanhave an
effect. And finally, if the penor marker is not kept perfectly perpendiculato the drawing surfacethen
additionalinaccuraciesvill occur

From the next classof ellipse constructionsdrawing devices suchastrammelswere usedin the Re-
naissanceand therewere mary contemporarydevelopersof ellipse compasses- including well known
artistssuchasLeonardoda Vinci, Direr, and possiblyMichelangelo[15, 25]. Theseenabledreasonably
preciseellipsesto be drawn in plans,but againcould not be readily appliedto the large scalemarkingout
of buildings.

This leavesthe third classof ellipse constructionswhich, at the expenseof only approximatingthe
shapeof theellipse, providesa more practicaltool for the architectandbuilder. In fact,thereis a double
benefitsincethe continuallyvarying curvatureof the ellipse otherwisecomplicategnatters.For instance,
measuringhe perimetealongasectionof anellipsecanonly beapproximatedthereis nosimpleanalytical
solution. Also, for small ellipsessuchas door or window arches,precisebuilding constructionwould
requirealargerangeof brick shape$20]. Asin indicationof thedifficulty in dealingwith theellipse,Batty
Langley [16] in aneighteenthcenturybuilder's manualreckonson anextra 50% expensean workmanship
and materialsfor constructingelliptical walls ascomparedo straightwalls. Although therearevarious
possibleapproacheto approximatingheellipse(e.g. Blackwell describes polygonalapproximatior2])
the mostpopularapproacthasbeento usea combinationof circulararcs. The advantageof working with
circlesis they provide a powerful geometrictool: with circlesaloneone cancopy angles,bisectangles
andlines,construciperpendicularto lines,construcequilateratriangles etc.[4]. Moreover, they keepthe
constructiorprocessimpleandreliable,andprovideareasonablyccurateval with apleasingappearance.
In his unpublishechapersPeruzziroughly sketchedout two suchconstructiongtypeslil andlV described
below);® seefigure3. In his Tutte'Opere d’Architettura Serlioprovides,in additionto aplanof anelliptical

8t is perhapsot coincidentathat thesescribblesareadjacento his designfor PalazzoMassimo,in which he usesa curvedwall
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Figure3: Peruzzis sketchcontainingtwo oval constructions

churchanda methodfor constructingtrue ellipses,four constructiormethodsfor drawing ovals, namely
piecavisecircularapproximationgo theellipse.

2 Serlio’'sFour Oval Constructions

Serlio’s four alternatve constructiongor approximatingthe ellipsefrom his First Book areshown in fig-
ure 4. Eachgeneratesn oval consistingof four circular arcswith centres(+h,0) and (0, +k) andradii
a — h andb + k respectiely. Constructiondl-IV have beencalled by Giulio Troili in the seventeenth
centuryandotherssinceby the moredescriptie termsovatolongo, ovato, andovatotonda More recently
the generalterm quadrarc hasbeenusedin their descriptionandanalysis[8, 27]. Kitao [13] incorrectly
stateshatconstructionsl—IV areall specialcasesf construction. In fact,the moregeneralconstruction
would be onein which an arbitrarytype of triangleis usedwith its sidesextendedby an arbitrarylength.
This would give mary possiblealternatve constructiongor ary desiredellipse(i.e. arny semi-majorand
semi-minoraxesa andb). Theimportantfactoris thatdueto the underlyingtriangleall the constructions
exhibit circulararcswith tangentcontinuity® This geometricconstrainicanbe algebraicallyexpresseds

a—b
k— %5

% -
a—b 1

b=

Serlio’'s constructiong andIV containanunderlyingequilaterakriangle. Both constructiondl andlll use
anisoscelegrianglemadeup from half a squareput extendecby differentamounts,% andw respectiely,
wherew is thelengthof thesquares side.In addition,thethreesquareconstructiordescribedateris made
up of asimilartriangle,but only extendecby .

The presencef circles,triangles,squaresetc. underlyingthe constructionss not surprisingsincethe
combinationof geometricprimitiveswasa favourite device of artistsandarchitectdn the Renaissancés
well asin earlierandlatertimes). In Italy the normalproportionswere basedon the equilateraltriangle,
leadingto the geometricsystemad triangulum[9]. Many examplesof a preoccupatiorwith underlying
geometridormsarefoundin numerology(“sacredgeometry”),leadingon to architectureandassuchare
particularlyevidentin importantbuildings suchaschurches.

to cleverly combinetwo adjacentxisting sitesinto a singlebuilding.
9DespiteArnheim’s assertiorto the contrary[1], circular arcscan be joined easilyandpleasinglyasdemonstrateéh theseoval
constructions.
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2.1 Construction |

This is the only oneof Serlio’s constructionghatenablesovals with variedeccentricitiego be drawvn. It
consistof two equilateratriangleswhosebasesrecentredonthe origin. Theirintersectionsvith theaxes
determineh andk, which canbe expressedis

a—b b= V3(a — b)

V3-1' V3-1
Thelengthsof the circulararcsarespecifiedby extendingthetriangles’diagonalsidesby alengths. When
s isincreasedotha andb areincreasedandsoit is not straightforvardto (geometrically)choosecorrect
valuesof h ands soasto achieve specifiedvaluesof a andb. In fact,theratiois givenby

a _ h+s

b h2—V3)+s

Figure5 shavs how, for atrianglewith unit lengthsides,increasings from zeroinitially rapidly increases
thecircularity of the oval, while ass increasedeyondonethe aspectatio very slowly decreaseseaching
aperfectcirclein thelimit. Thusnotall aspectatioscanbe achiezedwith this methodsincetwo arcsper
quadrantireonly dravnwhens > 0 suchthat$ < L ~ 3.732. Theratioof theradii of thetwo circular

2—3
arcsalsovaries,andcanbeshavn to be #Jrs .

2.2 Construction Il

The secondconstructiorusesthreecircles,eachpassinghroughtheir neighbouringeircle(s)centres.The
centresof thecirculararcsareat

a

h=k=_

2
andproduceanapproximateellipsewith the fixed aspectatio of § = V2 ~ 1.414. Theratio of the radii
of thearcsis v/2 — 1. Serlioconsideredhis oval to bevery similar to the shapeof a naturalegg. To verify
this aroughtestwasmadein which thetypical aspectatiosof the eggsof onehundredrandomlyselected
specief Europearbird wereobtained[23]. The meanaspectatio wasfoundto be 1.38 (with standard
deviation .09) which is indeedcloserto constructionll thanthe constructiongll or IV. We alsonotethat
suchanarrangementf circleswasoftenusedby artistsin their designs An extensve exampleof its useis
givenby Pinturicchios frescosin theLibrary of SienaCathedra[3].

2.3 Construction |11

Thethird constructiorusesyet anothergeometrigprimitive asits basis:the square Thisyields

a
h=k= —
V2 +1
with afixedaspectatio of ¢ = % ~ 1.320, andtheratio of theradii of thearcsis %

2.4 Construction IV

Thefinal constructiorwasrecommendetby Serliofor its beauty andis the simplestand quickestto con-
struct.Not surprisingly this wasthe standarcllipseapproximatiorusedin architecturapractise[13]. The
configurationof two intersectingcirclesis commonin sacredgeometry[17] whereit is calledthe Vlesica
Piscis its symbolismoftenappearingn Egyptian,Christian,etciconographyAs anexampleof its numer
ical significancejts proportionscontainthe threebasicroots,asshown in figure 6. Kitao alsonotesthe
simpleratiospresenin therelationshipof its parts:

1. thelengthsof thearcsarel:1,
2. theradii of thearcsarel:2,

3. themajoraxisof theoval to thesmallerarcradiusis 1:3.



Like constructionl thereis anunderlyingequilateralriangle,althoughthis is not requiredto be explicitly
drawn to locatethearcs. The centresf thesearcsarelocatedat

a a
h=-; k=—,
3 V3
andits fixedaspectatiois § = 473\/5 ~ 1.323. Thusthis constructiorprovidesa very similar approxima-

tion to the previousconstruction.

3 Other Oval Constructions

Having run through Serlio’s four oval constructionsve now consideralternatve approaches.Someare
variationson the methodsalreadydescribedwvhile othersareextensionsor improvements.

3.1 Threesguare construction

In the sameway that Serlio’s constructionll increasedhe two circlesin constructionlV to threecircles
we considerincreasingthe two squaresn constructionlll to threesquaregfigure 7a). The sameshaped
underlyingisosceledriangleremains put is extendedby a shortersectiongiving

2a
h=k=——.
V2+2
. . _ 1+\/§ ~ . . . 1 ~
Thefixedaspectatiois ¢ = ;=72 =~ 1.522, andtheratio of theradii of thearcsis -—— ~ 0.631.

3.2 Four circleconstruction

ContinuingSerlio’s construction®f two andthreeintersectingecircleswe show four intersectingeirclesin
figure 7b, giving

3 3
h = ga; k= %a.
. , a5 . . S
with thefixedaspectatiois § = 7 N 1.340 andtheratio of theradii of thearcsis Vsl 0.366.

Increasingrom two to threecirclesproducedanincreasen aspectatio, but moving from threeto four
hasdecreased almostbackto the two circle aspectatio. This is dueto the alternationof the positionof
k atthetop of thecentralcircle or at theintersectiorof the middletwo circlesdependingon whetherthere
areanoddor evennumberof circlesused.

3.3 Half-squaretriangle

JustasSerlio’s construction extendsan equilateraltriangle by variableamountsto generateovals over a
rangeof eccentricitiesve applythe sametechniqueto theisosceledriangleunderlyinghis constructionsl
andlll, yielding

a—>b
h=k=——
2 -2
. . s . . - .
with anaspectatioof ¢ = m andtheratio of theradii of thearcsﬁZJrs. A similar behaiour of

aspecratio to extensionlengthis obsened: for smallvaluesof s minor changesausdarge differencesn
aspectatio.

3.4 Vignola'sconstruction

Kitao [13] describes constructionby GiacomoVignolabasedaroundthe Pythagoreatrianglewith side
lengths3, 4, and5 asshown in figure7c,

a 2
h= 5, k=b= ga
giving an fixed aspectratio § = % with the ratio of the radii of the arcsas % Golvin also claimsthis
approachwasusedby the Romansn their building of ampitheatre§7].
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Figure9: Two ovalswith identicalaspectatiosgeneratedisingKitao’s construction

Kitao [13] generaliseSerlio’s constructionV by allowing the circlesto move closeror further apart
(figure 7f), resultingin

\/ 2
The solutionbecomesomplex when ¢ > %. On examinationwe seethe causefor the breakdevn at this
pointin theunusuabehaiour of the oval’'s aspectatio asthe underlyingcirclesaremovedapart.Starting
in thelimit from concentriccircleswhich producea circle, the aspectatio reachesa peakof £ = % when
h = %r (wherer is the radiusof the underlyingcircles) andthereafterdecreaseto unity againwhenthe
circlesno longeroverlap— seefigure 8. Thus,for ary aspectatio achievableby Kitao’s methodthereare
two possibleconstructionsCuriouslyenough theratio of theradii of thearcsis constantnamely% —the
only suchcaseof a fixedratio of arcradii over all the variableaspectatio oval constructionsanalysedn
this paper Despitehaving identicalaspectatiosthe ovalsdiffer, asdemonstrateéh figure 9. Comparedo
theovalin (a),theovalin (b) is madeup with arcsof largerradii, andthereforehasa squarelappearance.

3.6 Bianchi’s construction

Although Serlio’s constructionl doesallow a rangeof oval eccentricitieso be approximatedt doesnot
easilyenableary specificeccentricityto be determinedsincethe two parametergtriangle lengthandex-

tension)interact. Later constructionsovercamethis difficulty. For instance Paolo Bianchi’s Instituzione
Practicadell’ Architettura Civile in 1766providesthefollowing schemgseefigure 7d):

1. markpoint F' suchthatthelengthFa = Ob

2. pointh is markedsuchthatOh = §OF

3. anequilateralkriangleis constructedits verticesdefiningh andk:
4 4

hzg(a—b); kzﬁ(a—b).



This approactoperatesip until the breakdevn aspectatio of § > % — 1= 3.619.

It is interestingto notethat Bianchi's approachprovidesidentical ovals, but usingan alternative con-
struction, to thoseof the Slantzmethod[33] describedin currentengineeringdrawing books. Another
variationproducingthe sameoval wasgivenby Langley [16] in which theequilateratriangleis dravn such
thatit toucheghebottomof the ellipse(figure 7e).

3.7 Equilateral triangle constructions

We notethat mary oval constructionsnvolve the useof equilateralriangles. Serlio’s constructiond and
IV andBianchi’s constructiorhave alreadybeendescribedTwo furthermoremodernexamplesareshown.
Mott's construction(his methodnumber7.8) [21] alsoinvolvestwo circleslike Serlio’s constructionlV.
However, thecirclestouchratherthanintersectandanequilaterakriangleis drawvn with its bottomcorners
in thecircle centreqfigure 7g), yielding

Althoughit is similar to Vignola’s constructionwith the Pythagorearrianglereplacedby the equilateral
trianglethereis a further difference:the radiusof the arc centredat & is setto k + b; this enablesarange
of aspectatios(althoughonly [1 + %, ‘ﬁ+\/§] ~ [1.5774,2.1889]) to be constructedbut theovalsareno
longertangentcontinuous.

Hewitt’smethod3[10] is someavhatdifferentin thatunlikethepreviousexamplegheequilateratriangle
is centredon the semimajoraxisratherthanthe oval centre(figure 7h). The procedureés:

1. thearccentredatthe origin with radiusb is drawn out; it cutsthetriangleatd
2. thestraightline throughb andd is drawn, andcutsthetriangleagainate

3. theline throughe parallelto thetrianglesideOc intersectghe axesat h andk, yielding

_(a=b) ,_V3a-b
V3-1 V3-1 "~
Thusit providespreciselythe sameoval as Serlio’s constructionl. Its advantageis that giventhe desired

aspectatio of theoval thentheconstructiorfollows easily Serlio’s methodprovidesno meansof achiezing
aspecificaspecratio exceptby trial anderrorvariationof h ands.

3.8 Robert Simpson’s construction

b
b | b
-/ [
a N h
(6] C (0]
C K /
(a) (b) (©)

Figure10: Simpsons oval construction

In around1744, motivatedby his interestin astronomyand the orbits of the planets,JamesStirling
devisedanapproximatiorin which notonly dothearcjoins have tangenicontinuity, but they alsolie onthe
trueellipse[29]:

(a —b) (a+b+\/a2+6ab—|—b2)_ _(a—0d) (a+ 3b+ Va® + 6ab + b?)

h= i k= )
a—b++a? + 6ab+ b2 4b

10



Stirling proposedo RobertSimpsonthathe find a geometricconstructiorfor his algebraicdescription.In
amanuscripSimpsorprovidedthefollowing solutionin 1745,shovnin figure 10

1. thesemicirclebaO is dravn andbisectedat pointC'
2. thecircle'® with centreC andradiusCb intersectgheellipseat point I
3. theisosceledriangleis drawvn asshawn; its intersectiorwith the axesprovidesh andk

Stirling’s approximatiorwasrecentlyshowvn to be extremelyaccuratg27]. Unfortunatelyhowever, dueto
the shallowv intersectionof the circle andellipsein stage? it is difficult to determinepoint I, makingits
geometricconstructiorratherimpractical. In addition, it requiresthe true ellipseto be drawn prior to the
oval!

3.9 Squaring of thecircle

@)
Figurell: Squaringof thecircle

In theratherdifferentcontext of sacredyeometryLawlor [17] describes constructiorthatcouldleadto
anoval. Figurellillustratesanattemptat squaringthecircle, i.e. usingonly a compassandstraight-edge
to constructa squarewith perimeterequalto the circumferenceof a givencircle. First a circle with unit
radiusis drawn with two half-sizedcirclesinside. Takingthetop of the outercircle ascentreacirculararc
is drawn suchthatit is tangento boththeinnercirclesasshonnin figure 11a. The point of contactis

1
(wt,yt) = ﬁ(i% —1)

where¢ = @ ~ 1.618 is the GoldenRatio which often appearsn sacredgeometryandtheoriesof

proportionsand aesthetics. The radius of the arc is thus ¢, and the intersectionof the arc with the X

axisis atz = 1/¢. Drawing anothercircle centredat the origin and passingthroughthe intersection(i.e.

with radius+/@) producesa circle whosecircumferences 27/¢ ~ 7.99. The perimeterof the square
circumscribingthe initial circle equalseight, andthus providesa very closeestimateto the final circle’s

circumference.Figure 11aalso providesa meansof constructinga circular approximatiorto an ellipse,
usingtheinnercircles(radius}) andthearcsof radiusy/¢ joining at (z;, y;). Thecentresareat

thefixedaspectatio of theoval is ¢, andtheratio of theradii of thearcsis 2¢.

11
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Figure12: Approximationerrorsof the ovalswith respecto thedesiredellipse

4 Fidelity tothe Ellipse

Having defineda substantiatangeof oval constructionghe obviousquestionis: how well do they approx-
imatethe desiredellipse? The analyticsolutionsare complicatedby the involvementof the elliptic curve
andso a numericalapproximationto the approximatiorerrorsis calculatednstead. The circulararcsare
sampledat approximatelyequally spacedpoints, and at eachpoint the distancealong the normalto the
ellipseis approximated.See[26, 27] for moredetails. Fixing b = 100 andusing1000samplepointsin
totalthegraphin figure 12 wasgeneratedAlthoughonly themaximumerroris displayedheaverageerror
exhibits a similar pattern.

Theerrorincurredby the optimaltangenicontinuousC*) oval (which wasnumericallyestimatedy a
1D search)27] is includedfor referenceWe canseethatSerlio’s constructionslo reasonablyvell, but are
certainlynotthe closesto the ellipse (althoughof coursethis maynotreflecttheir aesthetiqualities). For
instance Simpsons constructiordoesuniformly well andis generallysuperior(it waspreviously foundto
outperformmostof themoremodernmethod4oo[27]). In addition,Vignola’s constructiordoesespecially
well. Neverthelessthe extensionsof all of Serlio’s constructiongi.e. half-squardriangle, 3 squares4
circles,andKitao’s generalisationmostly performpoorly (the exceptionis the half-squaretriangle con-
structionat low eccentricities).This shovs how apparentlyplausibleconstructionglo badly, andsuggests
thatsomecarewastakenin developingSerlio’s original constructions This argumentis supportedoy the
factthatSerlio’s construction is alwaysbetterthanBianchi’s,andmostly betterthanMott’s construction.
It is interestingto notethatfor ovalswith aspectatiosjustlessthantwo Serlio’s construction approaches
the optimalapproximation.

The oval approximationf ellipseswith low eccentricityare mostly good, andthe errorsare barely
noticeable.For more elongatectllipseswe canseethe discrepanciesnoreclearly, asshowvn in figure 13.
The first two show four-arc ovals discussedn this paper andthe superiorityof Stirling’s approximation
over Serlio’s constructionis obvious. Thefollowing two ovalsareconstructedisingeight-arcs- detailsare
givenin [28]. Naturally, usingmorearcsit is possibleto improve the accurag of the approximatiorto the
ellipse,asis achievedby Walker's method.Perhapsurprisingly a numberof eightarc ovalswerefoundto
beinferior to four arcovals,asdemonstratety Lockwood’s oval; seealsoRosin[27].

10Thiscircle s in factthelocusof arcjoints satisfyingthe C* constrainf27].
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(a) Serlio (b) Stirling
(c) Lockwood (d) Walker

Figure13: Variousoval constructionshawving their discrepancieagainstheellipse

5 An Application

We finish by shawving that Serlio himself madegood useof his methodsof oval construction. Figure 14
shaws his planfor anoval churchfrom the Tutte 'Opere d’Architettura. The bestfit ellipseis overlaidin
figurel4aandthediscrepancieatthediagonalsareevident. Thebestfit oval wasdeterminedy performing
anoptimisationover all parametersisingPowvell’s method,andascanbe seenin figure 14bnot only does
it provide a betterfit to the churchs perimetetbut is clearly Serlio’s constructiorV.
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